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ON AN EXTREMAL PROPERTY OF DOOB’S CLASS
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J. S. HWANG!

ABSTRACT. Recently, we have solved a long open problem of Doob (1935).
To introduce the result proved here, we say that a function f(z) belongs to
Doob’s class D, if f(z) is analytic in the unit disk U and has radial limit zero
at an endpoint of some arc R on the unit circle such that lim inf,_, . |f(P,)|
> 1, where {P,} is an arbitrary sequence of points in U tending to an
arbitrary interior point of R. )

With this definition, our main result is the following extremal property of
Doob’s class.

THEOREM. infyep|lfIl = 2/e, where || f]| = sup, ey (1 = |z f ().

1. Introduction. Let f(z) be a function analytic in the unit disk U = {z:
|z] < 1}. Following Doob [2], we shall say that a function f € K(p), if it
satisfies

f(0) =0, (M
and for some arc R on the unit circle dU with measure |R| > p > 0,
lim inf |(P,)] > 1 @

where { P,} is an arbitrary sequence of points in U converging to an arbitrary
interior point of R.

Instead of the normalization (1), we have introduced in [4], the notion of
Doob’s class D (p), namely, a function f € D (p), if it satisfies (2) and the
following:

f(2) has radial limit 0 at an endpoint of R. 3)

The number p is only important for considering the covering problem, but
not for the extremal problem. Therefore, in this paper, we shall denote
Doob’s class D (p) by D.

As was introduced by Pommerenke (see [1]) a function f(z) is called a
Bloch function, if the following Bloch norm is finite:

By =| A= sup (1 = [z)IS ()]- )
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This quantity was studied much earlier in 1942 by Seidel and Walsh [8]. For
this reason, we shall call

a(4) = inf ||f], )

f€EA

where A is a class of functions, the Seidel and Walsh constant for the class
(A). With this definition, our main result is the following one about the Seidel
and Walsh constant for Doob’s class.

THEOREM 1. a(D) = 2/e.

2. Minimum principle. Instead of normal functions developed by Lehto and
Virtanen [S, Theorem 6], we shall now establish the following minimum
principle.

LEMMA 1. Let f(z) be a Bloch function in U and let G be a subdomain of U
bounded by two analytic curves v and v' such that

|f(@)| > x, forzeEw,
>y, forze€EQgG,
|f(P)| =y,  for some interior point P € v'. (6)
Let «(z) be the harmonic measure on G which is equal to 1 on v and vanishes on
v'. Then we have
1/x > (1/»e PP”, A =1/((1 ~|P[")3w(P)/3n), )
where 0w/ 0n is the normal derivative with respect to the inner normal of v'.
PROOF. Let g(z) = 1/f(z), then by (6), we have
|g(2)| < 1/x, forz€w,
< 1/y, forz € G,
|g(P)|=1/y, forsomeP €. ®)

It follows from (4) that for z € G,
o
2

[FOnI (1 = |wf’)

Let h(z) = (1/y)(y/x)*®, for z € G; then clearly we have |g(z)| < h(2),
for z € v U v'. Owing to the ordinary maximum principle, we find that

|g(2)| < h(z), forallz €G. (10)
Combining (9) and (10), we get for z € G,
log(1/y — B(2)) < log|g(2)| < log(1/y) + w(z)log(y/x).

-)‘)— ~12(2)| <‘ i Few) dw|< 5, g B(z). ()
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By taking the normal derivative, we obtain

dB(P dw(P
- a(n)/(%—B(P))< a(n)logl. a1

x
Since B(P) =0 and |f(P)| =y, it follows that 3B(P)/dn = B,/(y*(1 —
| P[»). By substituting into (11), we conclude the desired result (7).

If we denote m = 1/x and M = 1/y, then the above result is similar to [5,
Theorem 6] in which the number 1/M in the second term of the exponent
disappears, see [5, (7), p. 58]. By the same consideration as [5, (12), p. 60], we
obtain the following result similar to [4, Lemma 13].

LEMMA 2. Let B be the interior angle of a moon shape domain G bounded by
an arc on AU and its subtended chord. If f(z) is a Bloch function in U such that
(6) holds, then we have

1/x > (1/y)e Bff/»sinB, (12)

3. Proof of Theorem 1. We first want to prove the upper bound of Seidel
and Walsh constant of Doob’s class. To do this, it is sufficient to find a
function f € D with || f|| = 2/e. By the same argument as [4, Lemma 8], we
can see that the function f,(z) = e~ (*?/(-2 € D and ||f,|| = 2/e. This
establishes that

a(D) < 2/e. (13)
Conversely, we shall show that
IAl> 2/e, foranyf € D. (14)

Let f(z) be an arbitrary function in D. If || f|| = oo, then (14) is true and
therefore we may assume that || f|| < co. It follows that the function f(z) is
normal in U. By virtue of [5, Theorem 5], we know that the notions of radial
limits and angular limits are equivalent for normal functions. Let g(z) =
1/£(z2), then by (3), we find that g(z) has angular limit co at an endpoint of
the arc R, say, atz = 1.

In view of [4, Lemma 12], we can see that for any 1 < M < oo, there is a
moon shape domain G arbitrarily small and arbitrarily close to z = 1 such
that

max|g(z)|= M or min|f(z)|]=1/M, forz €G. (15)

We shall now apply Lemma 2. By substituting x = 1 and y = 1/M into
(12), we obtain

1 > Me BfMB/2sinB = po—BMA (16)

where B = B;and A = A(B8) = B/2 sin B.
Clearly, the right-hand side of (16) attains its largest value 1/eBA, at
M* = 1/BA\.
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Since G can be taken arbitrarily small, hence by letting 8 — 0, we get
A = limg_, A(B8) = 1/2. By (15), we can choose M* = 2/B and then substi-
tute into (16), we obtain 1 > 2/eB or B; > 2/e. This concludes (14) and
a(D) > 2/e. Combining with (13) yields the result and the proof is complete.

4. Seidel and Walsh constant for A4.-class. In this section, we want to
summarize all results similar to those in [4]. The proof is just the same and we
omit it. Following Seidel [7], we denote 4 = {f: | f(e?)| = 1, a.e. on dU}. As
was classified in [4], we denote those subclasses of 4 by 4y, 4, 4,, 4, and
A(p) to be the finite Blaschke products, infinite Blaschke products, singular
inner functions, isolated singular functions, and A(p) = 4 N K(p), respec-
tively. By the same argument as [4, Lemmas 5-10, and 14], we can easily
obtain the following Seidel and Walsh constant for 4,-class.

THEOREM 2. a(A4,;) = 2/e, for i =0, oo, 1, I, and p.

Notice that 4, and 4, are not subclasses of D, so that Theorem 2 is not a
corollary of Theorem 1.

5. The O. K. constant of Doob’s class. Instead of the Bloch norm, we shall
now consider the following O. K. norm, see [4],

Mlox.= sup (1 = EP)IF @I/ (1 +1£G))
In [4], we prove that

C(A(p)) = fEiI,:f(p) lNlox.= C1» for0 < p < 2,

where C, is a number between 1/2 and 2/e which is the unique solution of
F(C)=[1+(1+¢?)"*]/cet+D" =1,
This result was proved only for the Seidel class (4). By the same method as
Theorem 1, we can now easily obtain the following generalization.
THEOREM 3. C(D) = inffeD||f||0_K.= C,.

6. Doob’s problem. In [3, Theorems 1 and 2], we have proved the following
results which solve two problems of Doob [2, p. 120].

THEOREM 4. If f € K(p), then || f|| > 1/ N (p), where N (p) = max('zre‘/i /2,
e log 1/(1 — cos p)).

THEOREM 5. If f € K(p), then the range of f(z) covers the interior of some
circle of radius k(p) = 1/(16elog 1/(1 — cos p)).

Instead of using Lehto and Virtanen’s theorem [1, p. 30], we can also prove
these two theorems from Lemma 2. The method is the same as that in [3] and
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we omit the details, but point out that, in equation (11) of [3],

h(A) = (1 + €) exp[(B/nsin B)A + 1/A)] — X;
we can now omit the term 1/A in the exponent. Therefore, with a slight
simplification, we can obtain the same assertion.

7. The range of Doob’s class. By the same method as Theorem 5, see [3,
Theorem 2], we can also obtain the following covering property.

THEOREM 6. If f € D, then the range of f(z) covers the interior of some circle
of radius 1/8e.

Naturally, we may ask whether this theorem is still true if condition (3) is
omitted. The answer turns out to be no, as will be seen from the following
function, see [3, Example 1]: f,(z) = (z" + 1)/n? + 1. This function satisfies
condition (2) at every point on dU. However, the range of f,(z) does not cover
any circle of positive radius. Of course, f, can also show the necessity of
condition (3) in all previous theorems.

8. The range of Seidel’s class. The constant 1/8e in Theorem 6 can be
improved to be 1/2 if we restrict to the Seidel’s subclass (4,) which is also a
subclass of Doob. Of course, there are two kinds of subclasses of Seidel’s
class which are not included in the Doob’s class, namely, Blaschke products
and singular inner functions whose singularities are dense on the circle. In
contrast to Seidel [6, Theorem 4], we shall now prove the following covering

property.

THEOREM 7. If f € A,, then the range of f(z) covers the interior of some
circle of radius 1/2.

PrOOF. We may assume that the isolated singularity of f(z) is located at
z = 1. We shall prove that the range of f covers U except at most one point.
To do this, there are three cases to be considered, either f is a Blaschke
product whose zeros tend to z = 1 or f is a singular inner function or both.

In the first case, the result is due to the aforementioned theorem of Seidel.
The last two cases can also be proved by the same argument as that used by
Seidel, namely, by considering the functional equation f(1/2) = 1/f(z),
where | f(e?)| = 1, 0 < |8] < 8, we find that the function f can be continued
analytically across the arc R and therefore by Picard’s theorem, we conclude
that the range of f covers U except at most one point, say, P. It follows that
this range U — P covers the interior of some circle of radius at least 1/2. This
completes the proof.

Notice that the above theorem is best possible in the sense that this
constant 1/2 cannot be improved. To see this, let us recall the function f;(z)
defined in the proof of Theorem 1. From there, we can see that the range of f;
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covers U and saves the point at z =0, so that the range U — 0 covers the
interior of some circle of radius exactly 1/2.
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